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1 $(x_{10},x_{1}1, \ldots,x_{1k-1},x_{1k})\sim Mu\iota tinomial(N_{1}, \theta_{0}, \theta 1, \ldots, \theta k-1, \theta_{k})$
2 $(x_{20},x_{2}1, \ldots,X2k-1)\sim Multi7wmial(N2, \frac{\theta_{0}}{\theta_{0}+..+\theta k-1}, \ldots, \frac{\theta_{k-1}}{\theta_{0}+..+\theta_{k1}-})$
:
k-l $(x_{k-10}, X_{k}-11, xk-12) \sim Mu\iota_{t}inomia\iota(Nk-1, \frac{\theta_{0}}{\theta_{0}+\theta_{1}+\theta_{2}}, \ldots, \frac{\theta_{2}}{\theta_{0}+\theta_{1}+\theta_{2}})$
$\mathrm{k}$
$(x_{k0}, x_{k1}) \sim Bi_{7w}mia\iota(N_{k}, \frac{\theta_{0}}{\theta_{0}+\theta_{1}}, \frac{\theta_{1}}{\theta_{0}+\theta_{1}})$




1 $(X10, x11, \ldots,x1k-1,x1k)\sim Multinomial(N1, \theta 0, \theta 1, \ldots, \theta k-1, \theta_{k})$
2 $(x20, x21, \ldots,x2k-1)\sim Mu\iota ti_{7wm}ial(N_{2}, \theta_{0,1,\ldots,k}\theta\theta-2, \theta k-1+\theta_{k})$
k-l $(X_{k-10}, X_{k-11k}, x-12)\sim Mu\iota tinomial(N_{k10,1}-, \theta\theta, \theta_{2}+\theta_{3}+\ldots+\theta_{k})$
$\mathrm{k}$ $(X_{k0},Xk1)\sim Binomial(N_{k}, \theta_{0}, \theta_{1}+\ldots+\theta_{k})$
1 $X_{10}=X_{11}=\ldots=X_{1k-1}=0$ 2 2
$X_{10}=X_{20}=\ldots=X_{1k-2}=X2k-2=0$ 3
$\theta_{i},$ $\mathrm{i}=0,1,2,\ldots,\mathrm{k}$ MLE
12 1 2 stepwise Bayesian procedure stepwise
Bayesian procedure
$X$ , $\Theta$ $P(x|\theta)$
1. $x\in \mathcal{X}$ $P(x|\theta)>0$ $\theta\in\Theta$ 1
2. $\mathrm{L}$ $\delta$ strictly convex
$\mathcal{X}$ $\mathcal{X}(i)$ $\Theta(X(i))=\{\theta\in\Theta|g_{i}(\theta)=\sum_{x}\in \mathcal{X}P(X|\theta)>0\}$
$\mathcal{X}(i\rangle$ , $\Theta(\mathcal{X}(i))$ restricted probability distribution $P_{\mathcal{X}\mathrm{t}^{i})}(X|\theta)/g_{i}(\theta)$
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well-defined $\ominus$ $\Theta^{*}$ $\Theta^{*}$ $d\tau(\theta)$
$\ominus-\Theta^{*}$ zero mass $d\tau(\theta)$ $\Theta$
$g(x : \tau)=\int P(x|\theta)d\mathcal{T}(\theta)$
3
$\mathcal{X}$ $\{\mathcal{X}(i)|i\in I\}$ , $\{d\mathcal{T}_{i}(\theta)|i\in I\}$
(a) $X(1)=\{x\in\chi|g(x:\tau_{1})>0\},$ $\ldots,$ $\mathcal{X}(j)=\{x\in \mathcal{X}-\mathcal{X}(2) -...-\mathcal{X}(j-1)|g(x:\tau_{j})>0\}$
$\mathcal{X}(i)\neq\emptyset,$ $\mathcal{X}=\bigcup_{i\in I}\mathcal{X}(i)$
(b) $\Theta(i)=$ { $\theta\in\ominus(\chi(i))$ : $d\tau_{i}(\theta)$ positive mass } $\{\Theta(i)|i\in I\}$ disjoint
(c) $\delta(x)$ $(\Theta(i), \chi(i))$ $d\tau_{i}(\theta)$ - Bayes
$\delta(x)$ $(\Theta, \mathcal{X})$
13. stepwise Bayesian procedure
1 $P(x_{0}, x_{1},x_{2}| \theta_{0}, \theta_{1}, \theta_{2})=\frac{n!}{x_{0}!x_{1}!x2!}\theta_{0}x\mathrm{o}\theta_{1}^{x_{1}}\theta_{2}^{x}2,$ $x\mathit{0}+x_{1}+x_{2}=n,$ $\theta_{0}+\theta_{1}+\theta_{2}=1,0\leq$
$\theta 0,$ $\theta 1,$ $\theta 2\leq 1$ $\hat{\theta}_{i}$ ( $\theta_{i}$ MLE)
$\Theta=\{(\theta_{0,1}\theta, \theta_{2})|\theta_{0}+\theta_{1}+\theta_{2}=1,0\leq\theta_{i}\leq 1\}$ the sequence priors $\{d\mathcal{T}_{i}(\theta)|i=1,2,3\}$
$d_{\mathcal{T}_{1}}(\theta)$ : $\theta_{i}=1(\mathrm{i}=0,1,2)$
$d_{\mathcal{T}}2(\theta)$ : $\theta_{i}+\theta_{j}=1,0<\theta_{i},$ $\theta_{j}<1,$ $i\neq i$
$d \tau_{2}(\theta)\propto(reStri_{C}tion)\sum_{i\neq j}\frac{d\theta_{i}}{\theta_{i}\theta_{j}}$
$d_{\mathcal{T}_{3}}( \theta)\propto(restri_{Ct}im)\frac{d\theta_{1}d\theta_{2}}{\theta_{0}\theta 1\theta 2}$
$X(1)=\{(n, 0,0), (0, n,0), (0,0, n)\}$ , $\mathcal{X}(2)=\{(x_{0}, X_{1},\mathrm{o})\}\cup\{(X_{0},0,X_{2})\}\cup\{(\mathrm{o},x_{1},X_{2})\}$ ,
$\mathcal{X}(3)=\{(X_{01},X, x2)\}$
$1\leq x_{i}\leq n-1,$ $x_{0}+x_{1}+x_{2}=n$
$\Theta(1)=\Theta(\mathcal{X}(1))=\{(1,\mathrm{o},\mathrm{o})\}\cup\{(\mathrm{o}, 1,0)\}\cup\{(0,0,1)\}$ ,
$\Theta(2)=\Theta(X(2))=\{(\theta_{0}, \theta_{1},0)\}\cup\{(\theta 0,0, \theta 2)\}\mathrm{U}\{(0, \theta_{1}, \theta_{2})\}$ , $\Theta(3)=\Theta(\mathcal{X}(3))=\{(\theta_{0},\theta_{1}, \theta_{2})\}$
$0<\theta_{i}<1$ , $\theta_{0}+\theta_{1}+\theta_{2}=1$
$(\Theta(i), \chi(i))$ $d\tau_{i}(\theta)$ $\theta_{i}$ Bayes Bayes MLE –
$\wedge i=x_{i}/n$
2. 1,2
1, 2 $\mathrm{k}=3$ – $\mathrm{k}$
21 $\mathrm{k}=3$ 1
$(x_{\mathit{0},1}X,X_{2},X_{3})\sim Multinomia\iota(N_{1}, \theta 0, \theta_{12}, \theta, \theta_{3})$ , $(\mathrm{Y}_{0}, \mathrm{Y}_{1}, \mathrm{Y}_{2})\sim Multinomia\iota(N_{2}, \theta’\theta^{i}\theta’)0’ 1’ 2$ ’







$\mathcal{X}(N_{1})=\{(\mathrm{o}, \mathrm{o}, 0, N_{1})\}$ , $\mathcal{X}(N_{1,2}N)=\{(0,0,x_{2}, X_{3},0, \mathrm{o},N_{2})|x_{3}\leq N_{1}-1, x_{2}+x_{3}=N_{1}\}$ ,
$\mathcal{X}(N_{1}, N_{2}, N_{3})=\{(X_{0},X_{1},x2, X3, y_{0},y1, y2, \infty, Z1)|x_{i}=0,1,$ $\ldots,N_{1},$ $x_{0}+x_{1}+x_{2}+x_{3}=N_{1},$ $x_{3}\leq N_{1}-$
$1,$ $y_{i}=0,1,$ $\ldots,N_{2},$ $y_{0}+y_{1}+y_{22,i3}=Nz=0,1,$$\ldots,$ $N,$ $\mathrm{Z})+z_{1}=N_{3},$ $X_{0}+X_{1}+y_{0}+y_{1}+\triangleleft)+z_{1}\geq 1\}$
$X$ $\mathcal{X}=\mathcal{X}(N_{1})\cup \mathcal{X}(N_{1,2}N)\cup X(N_{1,2}NN_{3})$
$\Theta=\{(\theta_{0,1,2}\theta\theta, \theta_{3})|\theta_{0}+\theta_{1}+\theta_{2}+\theta_{3}=1,0\leq\theta_{i}\leq 1\}$ the sequence of priors $\{d\tau_{i}(\theta)|i=$
$1,2,3,4\}$
$d_{\mathcal{T}_{1}}(\theta)$ : $\theta_{i}=1(\mathrm{i}=0,1,2,3)$
$d_{\mathcal{T}}2(\theta)$ : $\theta_{i}+\theta_{j}=1,0<\theta_{i},$ $\theta_{j}<1,$ $i\neq j$
$d \tau_{2}(\theta)\propto(restric\zeta ion)\sum_{- A-}$
.
$\frac{d\theta_{i}}{\theta_{i}\theta_{j}}$
$d\tau_{3}(\theta)$ : $\theta_{i}+\theta_{j}+\theta_{k}=1,0<\theta_{i},$ $\theta_{j},$ $\theta_{k}<1,$ $i\neq j\neq k$
$d \tau_{3}(\theta)\propto(restriction)i\neq j\sum_{k\neq}\frac{d\theta_{i}d\theta_{j}}{\theta_{i}\theta_{j}\theta_{k}}$
$d_{\mathcal{T}_{4}}( \theta)\propto(restri_{C}ti_{\mathit{0}}n)\frac{d\theta_{1}d\theta_{2}d\theta 3}{\theta_{0}\theta_{1}\theta_{2}\theta 3}$
$X(1)= \bigcup_{i=1}^{4}X(1,i)$ , $\mathcal{X}(2)=\bigcup_{i,j,i\neq j}x(2, i:j)$ , $\mathcal{X}(3)=\bigcup_{i,j,k,i\neq}j\neq kX(3, i:j:k)$ ,
$\chi(4)=\{(X0,X_{1}, X_{2,\mathrm{s},y}X0, y_{1},y_{2,n}, z_{1})\}$
$\mathcal{X}(1,0)=\{(N_{1},0,0,\mathrm{o},N2, \mathrm{o},\mathrm{o},N3, \mathrm{o})\}$ , $X(1,1)=\{(0,N_{1},0,0, \mathrm{o},N2,0,0, Ns)\}$ ,
$\mathcal{X}(1,2)=\{(0,0, N_{1},0,\mathrm{o}, 0, N2)\}$ , $\mathcal{X}(1,3)=\{(0,\mathrm{o},0,N1)\}=x(N1)$ ,
$X(2,0:1)=\{(x_{0},x_{1},\mathrm{o},\mathrm{o},y\mathit{0}, y1,0, z0, Z_{1})\}$ , $\mathcal{X}(2,0:2)=\{(x\mathit{0},0,x2,\mathrm{o}, y0,0,y_{2,3}N,0)\}$ ,
$X(2,0:3)=\{(x_{0},\mathrm{o},0, X_{3},N2,0,0,N_{3},0)\}$, $\mathcal{X}(2,1:2)=\{(0,X_{1},X2,0,\mathrm{o},y1,y_{2},0,N_{3})\}$ ,
$X(2,1:3)=\{(0, x_{1},\mathrm{o}, x_{3},0, N_{2},\mathrm{o},N3,\mathrm{o})\}$, $X(2,2:3)=\{(0,1,x_{2,\mathrm{a},2}x0,\mathrm{o},N)\}$,
$X(3,0:1:2)=\{(x_{0,12}x,x,\mathrm{o},y0, y_{1},y2, \infty,z_{1})\}$ , $X(3,0:1:3)=\{(X_{0},x_{1},0,x_{3,y0,y_{1},\mathrm{a},)\}}\mathrm{o},Z1$,
$\mathcal{X}(3,0:2:3)=\{(x_{0,2}0,x, x\mathrm{s},y0,0,y_{2,s,0}N)\}$, $\mathcal{X}(3,1:2:3)=\{(0, x_{1,2}X,X3,0,y1,y_{2,3}0,N)\}$ .
$\mathcal{X}(4)=\{(x_{0}, X_{1}, X_{2},x_{3},y0, y_{1},y_{2,\mathrm{r}}, z_{1})\}$
$1\leq x_{i}\leq N_{1}-1,$ $x_{0}+x_{1}+x_{2}+x_{3}=N_{1}$ , $1\leq y_{j}\leq$ N2–1, $y\mathit{0}+y_{1}+y_{2}=$
$N_{2},1\leq z_{k}\leq N_{3}-1$ , $+z_{1}=N_{3}$
$\Theta(1)=\{(1,0,\mathrm{o},0), (0,1,0,0), (0,0,1,\mathrm{o}), (0,0,0,1)\}$
$\Theta(2)=\bigcup_{i},j$ { $(\theta 0,\theta 1,\theta_{2,3}\theta)\in\Theta|\theta_{i}=\theta=0j’ 0<\theta_{k},\theta_{\iota}<1,$ $for$ all $k,\iota\neq i,j$ }
$\mathrm{e}(3)=\bigcup_{i}$ { $(\theta 0,\theta 1,\theta_{2},\theta_{3})\in \mathrm{e}1^{\theta 0}i=,0<\theta_{j}<1,$ for $a\iota\iota_{j\neq}i$ }
$\Theta(4)=$ { $(\theta_{0},$ $\theta_{1},$ $\theta_{2},$ $\theta 3)\in\ominus|0<\theta_{i}<1$ , for all $i$}
$(\mathrm{a}),(\mathrm{b})$ $\{(\Theta(i), \chi(i))|i=1,2,3,4\}$




$s_{0}=\theta_{0}+\theta_{1}+\theta_{2},$ $s_{1}=(\theta 0+\theta_{1})/(\theta_{0}+\theta_{1}+\theta_{2}),$ $s_{2}=\theta_{0}/(\theta_{0}+\theta_{1})$ .
$\theta_{0}=s_{0^{S_{1}}}s_{2},$ $\theta_{1}=s\mathit{0}s1(1-S_{2}),$ $\theta_{2}=s_{\mathrm{o}()}1-S_{1},$ $\theta_{3}=1-s0$
$0<\theta_{0},$ $\theta_{1},$ $\theta_{2}<1,0<\theta_{0}+\theta_{1}+\theta_{2}<1$ $\Leftrightarrow$ $0<s_{0},$ $s_{1},$ $s_{2},$ $s_{3}<1$
$|J|===s^{2}0S1$
$\int P\chi(4)(x,y, Z|\theta)d\mathcal{T}4(\theta)=\int\int\int\frac{\theta_{0^{\mathrm{o}}}^{x}\theta_{1}^{x}1\theta_{2}x2\theta_{3}^{x}3}{resmctim}(\frac{\theta_{0}}{\theta_{0}+\theta_{1}+\theta 2})y\mathrm{O}(\frac{\theta_{1}}{\theta_{0}+\theta_{1}+\theta_{2}})y1$


















$\theta_{1}$ Bayes $= \frac{\int\theta_{1}P\chi_{(4})(x,y,Z|\theta)d_{\mathcal{T}_{4}}(\theta)}{\int P\chi_{(4})(x,y,z|\theta)d\mathcal{T}_{4}(\theta)}$
$= \frac{x_{0}+x_{1}+x_{2}}{x_{0}+x_{1}+x2+x_{3}}\frac{x_{0}+y0+x_{1}+y_{1}}{x0+y0+x1+y_{1}+X2+y2}\frac{x_{1}+y_{1}+Z_{1}}{x_{0}+y_{0}+z0+x_{1}+y_{1}+z_{1}}$
$\theta_{2Bay\mathrm{e}}\Leftrightarrow=\frac{\int\theta_{2}P\chi_{\mathrm{t}4)}(X,y,z|\theta)d_{\mathcal{T}_{4}}(\theta)}{\int P\chi_{(4)}(X,y,Z|\theta)d\mathcal{T}_{4}(\theta)}=\frac{x_{0}+x_{1}+x_{2}}{x_{0}+x_{1}+x_{2}+x_{3}}\frac{x_{2}+y_{2}}{x0+y0+x_{1}+y1+X_{2}+y2}$
$\theta_{3}$ Bayes $= \frac{\int\theta_{3}Px(4)(_{X},y,z|\theta)d\mathcal{T}_{4}(\theta)}{\int Px_{\mathrm{t})}4(X,y,Z|\theta)d\mathcal{T}_{4}(\theta)}=\frac{x_{3}}{x_{0}+x_{1}+x2+x_{3}}$
$(\mathrm{e}(\ovalbox{\tt\small REJECT}, \mathcal{X}(i)),$ $i=1,2,3$ MLE –
$\theta_{MLE}$
22 $\mathrm{k}=3$ 2
$(x_{0,1}X,X_{2},X_{3})\sim Mu\iota_{t}inomia\iota(N1, \theta 0, \theta 1, \theta 2, \theta_{3})$ ,
$(\mathrm{Y}_{0}, \mathrm{Y}_{1},\mathrm{Y}_{2})\sim Multinomial(N2, \theta_{0}, \theta 1, \theta_{2}+\theta_{3})$,
$(Z_{0}, Z_{1})\sim Binomia\iota(N_{3}, \theta_{0,1}\theta+\theta_{2}+\theta_{3})$
$\theta_{1}=(1-\theta 0)\xi$ , $\theta_{2}=(1-\theta 0)(1-\xi)\eta$ , $\theta_{2}=(1-\theta 0)(1-\xi)(1-\eta)$
observation probability number of observations
$X_{0}$ $\theta_{0}$ $x_{0}$
$X_{1}$ $(1-\theta 0)\xi$ $x_{1}$









Meeden, Ghosh, Srinivasan, Vardeman(1989)
:
$P(x, y, z|\theta)\propto\theta_{0}x_{\mathrm{O}}+y\mathrm{o}+z\mathrm{o}(1-\theta 0)x1+x2+x3+y_{1}+y2+z_{1}\xi x1+y1(1-\xi)^{x}2+x\mathrm{s}+y2x_{2}\eta(1-\eta)x_{3}$
145
MLE :




$\Theta=\{(\theta_{0}, \xi, \eta)|0\leq\theta_{0}, \xi, \eta\leq 1\}$ the sequence of priors $\{d\tau_{i}(\theta 0, \xi, \eta)|i=1,2,3,4\}$
$d \tau_{1}(\theta 0,\xi, \eta)=\frac{1}{4}dI\{\theta 0=1\}(\theta_{0})d_{\mathcal{T}}(\xi,\eta)+\frac{1}{4}dI\{\theta 0=0\}(\theta 0)dI_{\{}\xi=1\}(\xi)d\tau(\eta)$
$+ \frac{1}{4}dI_{\{\}}\theta 0=0(\theta_{0^{)(\xi)}}dI\{\epsilon=0\}(dI_{\{0}\eta=\}(\eta)+dI_{\{\eta=1}\}(\eta))$
$d \tau_{2}(\theta_{0},\xi, \eta)\propto\frac{restriCti_{on}}{5}dI\{\theta_{\mathrm{o}}=0\}(\theta 0)dI_{\{\eta=}0\}(\eta)\frac{d\xi}{\xi(1-\xi)}$
$+ \frac{restriCti_{on}}{5}dI_{\{\theta_{\mathrm{o}}=}0\}(dI_{\{\xi\}}=0(\xi)+dI_{\{\xi}=1\}(\xi))\frac{d\eta}{\eta(1-\eta)}$
$+ \frac{restriCti_{on}}{5}dI_{\{\xi=0\}(\xi)()}dI\{\eta=0\}(\eta)+dI_{\{1\}}\eta=(\eta)\frac{d\theta_{0}}{\theta_{0}(1-\theta 0)}$
$d \mathcal{T}_{3}(\theta 0,\xi, \eta)\propto\frac{rest\dot{n}ction}{4}dI_{\{}\xi=0\}(\xi)\frac{d\eta d\theta_{0}}{\eta(1-\eta)\theta 0(1-\theta 0)}$
$+ \frac{restriCti_{on}}{4}(dI_{\{}0\}(\eta=\eta)+dI_{\{\}}1(\eta=\eta))\frac{d\xi ffl_{0}}{\xi(1-\xi)\theta 0(1-\theta 0)}$
$+ \frac{restriCti_{on}}{4}dI_{\{\}}\theta_{\mathrm{o}}=0(\theta 0)\frac{d\xi d\eta}{\xi(1-\xi)\eta(1-\eta)}$
$d \tau_{4}(\theta_{0},\xi, \eta)\propto\frac{restri_{C}tim}{\theta_{0}(1-\theta_{0})\xi(1-\xi)\eta(1-\eta)}d\theta_{0d}\xi d\eta$
$X(1)= \bigcup_{i=0^{\chi}}^{3}(1,i)$ , $\mathcal{X}(2)=\bigcup_{i=0}^{5}\mathcal{X}(2, i)$ , $\mathcal{X}(3)=\bigcup_{j=0^{X}}^{3}(3, j)$ ,
$\mathcal{X}(4)=\{(x\mathit{0},X_{1},x_{2}, x_{3},y0, y_{1},y2, \infty, Z_{1})\in X|1\leq x_{i}\leq N_{1}-1,1\leq y_{j}\leq N_{2}-1,1\leq z_{k}\leq N_{3}-1\}$
$\mathcal{X}(i,j)$ $X\mathit{0},X1,X2,$ $x3$ , $y_{0}$ , $y_{1},$ $\infty$ , , $z_{1}$
$1\leq x_{i}\leq N_{1}-1,1\leq y_{j}\leq \mathrm{N}_{2}-1$ , $1\leq z_{k}\leq N_{3}-1$ $-$






1, 2 $\text{ ^{ } _{}\wedge}$ 1
$D(\theta_{0},$ $\theta_{1},$
$\ldots$ ,\theta
1. $\Theta=\{(\theta_{0}, \theta_{1}, \ldots, \theta_{k})\in \mathrm{R}^{k+1}|0\leq\theta_{i}\leq 1, \theta_{0}+\theta_{1}+\ldots+\theta_{k}=1\}$
2. $=\{\mathrm{x}=(x0,X1, \ldots, xk)\in \mathrm{R}^{k+1}\}$ .
3. $P( \mathrm{x}|\theta 0, \theta_{1}, \ldots, \theta k)=C(\mathrm{X})\prod\theta kiai(x_{i})$
=0
4. $a_{i}(Xi)$ $a_{i}(x_{i})=biXi+d_{i}$ , $b_{i}\geq 0,$ $d_{i}\geq 0$ $b_{i}>0$ for all $\mathrm{i}=\mathrm{k}-\mathrm{m},$ $\mathrm{k}_{-}\mathrm{m}+1,$ $\ldots$
$\mathrm{k}$
5 . $i=0,1,$ $\ldots,$ $k$ $c(\mathrm{x}^{[i]})>0,$ $a_{i}(x_{i}^{1^{i}})]>0,$ $a_{j}(x_{j}^{1^{i}})]=0$ for all $j\neq i$
x $=(x_{0’ 1k}^{[i]}x^{1i\mathrm{J}}, \ldots,X[i])\in \mathcal{X}$
. $i,$ $j$ such that $0\leq i<j<k$ $c(\mathrm{x}^{[ij]})>0$ , $a_{i}(X_{i})[ij]>0$ , $a_{j}(x_{j})[ij1>$
$0,$ $a_{h}(x_{h}^{ij})=0$ for all $h\neq i,j$ $\mathrm{x}^{[ij]}=(x_{0’ 1}^{[i}j]X[ij], \ldots,x^{[j}ki])\in \mathcal{X}$
. $c(\mathrm{x}^{[012}\cdots]k)>0,$ $a\mathrm{o}(x_{0}^{[})012\ldots k]>0,$ $a_{1}(X_{1})[012\ldots k]>0,$
$\ldots,$
$a_{k}(x_{k}^{1^{0}})12\ldots k]>0$ $\mathrm{X}^{[]}012\ldots k=$
$(x_{0^{0}}^{[k]},X,x)12\ldots[1k012\ldots k]\ldots,[012\ldots k]\in X$
4 1 $(x10, x11, \ldots, x1k-1,x1k)$ , 2 $(x20,x21, \ldots, x2k-1),$ $\ldots$ , $\mathrm{m}$




$D(\theta_{0}, \theta_{1}, \ldots, \theta_{k})$ $\mathrm{j}$ $(\mathrm{j}=2,3,\ldots,\mathrm{m})$
$\mathcal{D}(\frac{\theta_{0}}{\theta_{0}+\ldots+\theta_{k-j+1}},$, . . . ’ $\frac{\theta_{k-j+1}}{\theta_{0}+\ldots+\theta_{k-j+1}})$
$\theta_{i}(\mathrm{i}=0,1,2,\ldots,\mathrm{k})$ MLE
5 Sampling 4 1 $\mathcal{D}(\theta_{0}, \theta_{1}, \ldots, \theta_{k})$
$\mathrm{j}$ $(\mathrm{j}=2,3,\ldots,\mathrm{m})$ $D(\theta 0, \theta_{1,\ldots k}, \theta-j+1, \theta k-j+1+\theta_{k-j2}++\ldots+\theta_{k})$
$\theta_{i}(\mathrm{i}=0,1,2,\ldots,\mathrm{k})$ MLE
2 $D(\theta_{0,1}\theta, \ldots, \theta_{k})$
$P(x_{1}, \ldots,X_{k}|\theta_{0,1}\theta, \ldots,\theta_{k})$
$=\{$
$\frac{(x_{1}+..\cdot.\cdot.+xk)!}{x_{1}!x_{k}!}\theta_{0}\theta_{12k}^{x_{1}}\theta x2\ldots\theta^{x_{k}}$ if $x_{1}+x_{2}+\ldots+x_{k}<n$
$x_{i}=0,1,$
$\ldots,$ $n-1$ for all $\mathrm{i}=1,2,\ldots,\mathrm{k}$,
$\frac{n!}{x_{1}!\ldots x_{k}!}\theta_{1}^{x_{1}}\theta_{2}x2\ldots\theta_{k}^{x_{k}}$ if $x_{1}+x_{2}+\ldots+x_{k}=n$
$x_{i}=0,1,$ $\ldots,n$ for all $\mathrm{i}=1,2,\ldots,\mathrm{k}$ ,
–
$P(x|\theta)=\{$
$(1-\theta)\theta^{x}$ if $x=0,1,2,$ $\ldots,$ $n-1$ ,
$\theta^{n}$ if $x=n$.
4. Poisson




3 $X_{1},$ $X_{2},X3$ , $\mathrm{Y}_{1}$ , Y2 , $Z$ $X_{i}\sim P\dot{\alpha}SSm(\lambda i)$ , $\mathrm{i}=1,2,3$ .
$\mathrm{Y}_{i}\sim P\dot{\alpha}ssm(\frac{\lambda_{i}}{\lambda_{1}+\lambda_{2}+\lambda_{3}}))$
’
$\mathrm{i}=1,2$ , $Z \sim P\dot{\alpha}Ssm(\frac{\lambda_{1}}{\lambda_{1}+\lambda_{2}})$
MLE :











$\ln L=C+(x_{1}+x_{2}+x_{3})\ln S-s+(x_{1}+x_{2}+y_{1}+y_{2})\ln w+x_{3}\ln(1-w)-w$
$+(x_{1}+y_{1}+z)\ln v+(x_{2}+y_{2})\ln(1-v)-v$
$0= \frac{\partial\ln L}{\partial s}=\frac{x_{1}+X_{2}+x_{3}}{s}-1$ $\Rightarrow$ $\hat{s}=X_{1}+x_{2}+x_{3}$
$0= \frac{\partial\ln L}{\partial w}=\frac{x_{1}+X_{2}+y1+y_{2}}{w}-\frac{x_{3}}{1-w}-1$
$0= \frac{\partial\ln L}{\theta v}=\frac{x_{1}+y_{1}+z}{v}-\frac{x_{2}+y_{2}}{1-v}-1$
$w^{2}-(x_{1}+x_{2}+y_{1}+y_{2}+x_{3}+1)w+x_{1}+x_{2}+y_{1}+y_{2}=0$
$v^{2}-(x_{1}+x_{2}+y_{1}+y_{2}+z+1)v+x_{1}+y_{1}+z=0$




1 $(X_{11}, X_{12}, \ldots,X1,k-1, X1k)$ , 2 $(X_{21}, x22, \ldots,x2k-1)$ ,
$\mathrm{k}-1$ $(X_{k-1,1}, X_{k1,2}-)$ , $\mathrm{k}$ $X_{k}$
$X_{11},$ $X_{1}2,$
$\ldots,$
$\mathrm{x}1,k-1,\mathrm{x}1k,X21,X22,$ $\ldots,x2,k-1,$ $\ldots,xk-1,1,xk-1,2,$ $Xk$
$X_{1i}\sim P\alpha i_{S}Son(\lambda i)$ , $x_{2i} \sim Poi_{Ss}on(\frac{\lambda_{i}}{\lambda_{1}+\lambda_{2}+\ldots+\lambda_{k}}),x_{3}i\sim Poi_{S}Sm(\frac{\lambda_{i}}{\lambda_{1}+\lambda_{2}+\ldots+\lambda_{k-1}})$,










$s_{\text{ }}=\lambda 1+\lambda_{2}+...$ $+\lambda_{k}$ , $s_{k-1}= \frac{\lambda_{1}+\lambda_{2}+\ldots+\lambda_{k-1}}{\lambda_{1}+\lambda_{2}+\ldots+\lambda k-1+\lambda_{k}}$ , $s_{k-2}= \frac{\lambda_{1}+\lambda_{2}.+\ldots+\lambda_{k-2}}{\lambda_{1}+\lambda_{2}+..+\lambda k-2+\lambda_{k-1}}$ ,
$\ldots$ , $s_{2}= \frac{\lambda_{1}+\lambda_{2}}{\lambda_{1}+\lambda_{2}+\lambda_{3}})$ $s_{1}= \frac{\lambda_{1}}{\lambda_{1}+\lambda_{2}}$
$\lambda_{1}=s_{1^{S_{2}}}\cdots s_{\text{ }}$ , $\lambda_{2}=(1-s_{1})S2\ldots S_{k}$ , $\lambda_{3}=(1-S_{2})_{S_{3}\cdots S_{k}}$ , $\cdot$ . . ,
$\lambda_{k-1}=(1-S\text{ _{}-2})_{S}k-1sk$ , $\lambda_{k}=(1-s_{\text{ }-1})Sk$












$0= \frac{\partial\ln L}{\partial s_{1}}=\frac{\sum_{i=1}^{k-1}Xi1+X_{k}}{s_{1}}-\cdot\frac{\sum_{\sim-1}^{\text{ }-}1x_{i2}}{1-s_{1}}-1$ , $0= \frac{\partial\ln L}{\partial s_{2}}=\frac{\sum_{j1}^{2k1}=1^{\sum_{i}}=-Xij}{s_{2}}-\frac{\sum_{i=1}^{k-2}X_{i}3}{1-s_{2}}-1$ ,
.. . , $0= \frac{\partial\ln L}{\partial s_{k-1}}=\frac{\sum_{j=1^{X}1j}^{k}+\sum_{j}k-1=1^{X_{2j}}}{s_{\text{ }-1}}-\frac{x_{1\text{ }}{1-s_{k-1}}}-1$ ,
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0=–\partial \partial lsn L=--\Sigma j$=1^{X}1s_{k}j-1$ $\Rightarrow$ $\hat{s}_{k}=\sum^{\text{ }}j=1x_{1}j$
Si $\mathrm{i}=1,2,\ldots,\mathrm{k}-1$ exact $\hat{\lambda}_{i}\mathrm{i}=1,2,\ldots,\mathrm{k}-1$
exact
3 $X_{1},$ $X_{2},$ $X_{3},\mathrm{Y}_{1},$ $\mathrm{Y}_{2},$ $Z$ $X_{i}\sim Poissm(\lambda i)$ , $\mathrm{i}=1,2,3$ .
$\mathrm{Y}_{i}\sim P\dot{m}sson(\frac{\lambda_{i}}{\lambda_{1}+\lambda_{2}+\lambda_{3}}))$
’
$\mathrm{i}=1,2$ , $Z \sim PoiSSm(\frac{\lambda_{1}}{\lambda_{1}+\lambda_{2}})$
MLE
3-3 $X_{11,12,1}Xx3,$ $X_{2}1,$ $X_{22},x_{\mathrm{s}}$ $X_{1i}\sim P\sigma i_{S}Son(\lambda i)$ , $\mathrm{i}=1,2,3$.





$\cross(\mu_{2^{S}1})^{x}21(\mu 2(1-S_{1}))^{x_{22}}\exp(-\mu 2)\cross\mu_{3}^{x_{3}}\exp(-\mu 3)$
$=s_{1}^{x_{11}}(+x21(1-S_{1})^{x_{12}+x}x22S(2-2)11+x121Sx_{13}\cross s_{3}^{x_{11}+x_{12}}\mathrm{e}+x_{1}3\mathrm{x}\mathrm{p}(-s_{3})$
$\cross\mu_{2}^{X_{2}+X_{22}}\mathrm{e}1\mathrm{x}\mathrm{p}(-\mu_{2})\cross\mu^{x}3\mathrm{x}3\mathrm{e}\mathrm{p}(-\mu_{3})$
$\ln L=C+(x_{11}+x_{21})\ln S1+(x_{12}+x_{22})\ln(1-S_{1})+(x_{11}+x_{12})\ln S_{2}+x_{13}\ln(1-S_{2})$
$+(x_{11}+x_{12}+X_{13})\ln s_{3}-S_{3}+(x_{21}+x_{22})\ln\mu 2-\mu 2+x3\ln\mu 3-\mu_{3}$
$0= \frac{\partial\ln L}{\partial s_{1}}=\frac{x_{11}+x_{21}}{s_{1}}-\frac{x_{12}+x_{22}}{1-s_{1}}$ $\Rightarrow$ $\hat{s}_{1}=\frac{x_{11}+x_{2}1}{x_{11}+x_{21}+X12+X_{22}}$
$0= \frac{\partial\ln L}{\partial s_{2}}=\frac{x_{11}+x_{12}}{s_{2}}-\frac{x_{13}}{1-s_{2}}$ $\Rightarrow$ $\hat{s}_{2}=\frac{x_{11}+x_{12}}{x_{11}+X_{12}+x_{13}}$
$0= \frac{\partial\ln L}{\partial s_{3}}=\frac{x_{12}+X_{12}+x_{13}}{s_{3}}-1$ $\Rightarrow$ $\hat{s}_{\mathrm{s}}=X11+x12+X_{13}$
$0= \frac{\partial\ln L}{\partial\mu_{2}}=\frac{x_{21}+x_{22}}{\mu_{2}}-1$ $\Rightarrow$ $\hat{\mu}_{2}=X_{21}+x_{22}$




3-4 &3 $\mu_{2}=\mu 3=\lambda 1+\lambda_{2}+\lambda_{3}$
$X_{11},$ $X_{12},$ $X13,$ $X21,$ $X_{22},$ $X_{3}$ $X_{1i}\sim P\sigma issm(\lambda i)$ , $\mathrm{i}=1,2,3$












1 : $(X_{11},x12, \ldots,x1k-1,x1k)$ , 2 : $(X_{21}, X22, \ldots, X2k-1),$ $\cdots$ .
k-l : $(X_{k-11}, X_{k12}-)$ , $\mathrm{k}$ : $X_{k}$
$X_{11},$ $X_{1}2,$ $\ldots,x_{1}k-1,X1k,X21,X_{2}2,$ $\ldots,x2k-1,$ $\ldots,xk-11,xk-12,$ $Xk$
$X_{1i}\sim P\dot{m}sSm(\lambda i)$ , $i=1,2,$ $\ldots,k$
$X_{2i} \sim P\dot{m}ssm((\lambda_{1}+\lambda_{2}+\ldots+\lambda_{k})\frac{\lambda_{i}}{\lambda_{1}+\lambda_{2}+\ldots+\lambda k-1})$ , $i=1,2,$ $\ldots,k-1$
$X_{3:} \sim P\dot{\alpha}ssm((\lambda_{1}+\lambda_{2}+ ... +\lambda_{k})\frac{\lambda_{i}}{\lambda_{1}+\lambda_{2}+\ldots+\lambda \text{ }-2})$ , $i=1,2,$ $\ldots,k-2$
$X_{k-1i} \sim P\dot{\alpha}Ssm((\lambda_{1}+\lambda_{2}+\ldots+\lambda_{k})\frac{\lambda_{i}}{\lambda_{1}+\lambda_{2}})$ , $i=1,2$
$x_{k}\sim P\sigma iSsm(\lambda_{1}+\lambda_{2}+\ldots+\lambda \text{ })$
MLE
$Like\iota ihood\propto(_{i=1}\square \lambda^{x_{1i}})i\mathrm{p}(-(\lambda 1+\lambda 2+\cdots+\lambda \text{ })\mathrm{e}\mathrm{x})$
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$\mathrm{x}$ ( $. \prod_{-1}^{\text{ }}$ ($( \lambda 1+\wedge-1 ... +\lambda_{\text{ }})\frac{\lambda_{i}}{\lambda_{1}+\ldots+\lambda \text{ }-1}$ )
$2i$ ) $\exp(-(\lambda_{1}+ ... +\lambda_{\text{ }}))\mathrm{X}\cdots$
$\mathrm{x}$ ( $( \lambda_{1}+ ... +\lambda_{\text{ }})\frac{\lambda_{1}}{\lambda_{1}+\lambda_{2}}$ ) $x_{k11}-(( \lambda_{1}+ ... +\lambda_{k})\frac{\lambda_{2}}{\lambda_{1}+\lambda_{2}})^{x}k-12\exp(-(\lambda 1+ ... +\lambda_{k}))$
$\mathrm{x}(\lambda_{1}+\ldots+\lambda \text{ })xk\exp(-(\lambda_{1}+ ... +\lambda_{k}))$
$Likelihood\propto(_{S_{12}}s\cdots sk)x_{1}1((1-S_{1})s2\ldots s_{\text{ }})x_{1}2((1-S_{2})s3\ldots sk)^{x_{1}\mathrm{s}}\cdots((1-Sk-1)S_{k})^{x_{1k}}\exp(-S_{k})$
$\cross(s\text{ ^{}s}1\ldots S\text{ }-2)^{x_{2}}1(Sk(1-S_{1})S_{2}\cdots s_{k}-2)x_{2}2\ldots(s\text{ }(1-s_{k-}2))^{x}2k-1\exp(-s_{\text{ }})\mathrm{X}\cdots$
$\cross(s_{\text{ }}s1s2)x_{k-}21(_{S_{k}}(1-S_{1})s_{2})x_{k^{-}}22(Sk(1-s_{2}))^{x_{k-23}}\exp(-sk)$









$+(_{X_{11}+x_{12}}+\cdots+x1\text{ }-2+X_{21}+X22+\cdots+X2k-2)\ln s\text{ _{}-}2+(X_{1k1}-+x2k-1)\ln(1-S_{k-2})$ .
$+(x_{11}+x_{12}+\cdots+X1k-1)\ln s_{k-}1+x_{1}k]\mathrm{n}(1-S_{k1}-)+Xtota\iota\ln S_{k}-ks\text{ }$
$0= \frac{\partial\ln L}{\partial s_{1}}=\frac{\sum_{i=1}^{k-1}X_{i}1+X_{k}}{s_{1}}-\cdot\frac{\sum_{\sim}^{k-1}-1^{X_{i}}2}{1-s_{1}}$ $\Rightarrow$ $\hat{s}_{1}=\frac{\sum_{i=1}^{k-1}X_{i}1+x_{k}}{\sum_{i=}^{\text{ }-}11(xi1+X_{i}2)+X_{k}}$
$0= \frac{\partial\ln L}{\partial s_{2}}=\frac{\sum_{j=1}^{2}\sum_{arrow}^{k}-1^{X}-2ij}{s_{2}}.-\frac{\sum_{i=}^{\text{ }-}1^{X}2i3}{1-s_{2}}$ $\Rightarrow$ $\hat{s}_{2}=.\frac{\sum_{i1}^{\text{ }-2}=(x_{i}1+xi2)}{\sum_{\mapsto-1}^{k-1}(X_{i}1+Xi2+Xi3)}$
$0= \frac{\partial\ln L}{\partial s_{\text{ }-1}}=\frac{\sum^{k-1}j=1X1j}{s_{k-1}}-\frac{x_{1k}}{1-s_{k-1}}$ $\Rightarrow$ $\hat{s}_{k-1}=\frac{\sum^{\text{ }-}j=1x1j1}{\sum_{j=1}^{k}X_{1j}}$
$0= \frac{\partial\ln L}{\partial s_{k}}=\frac{}x_{to}ta\iota}{S\text{ }-k$ $\Rightarrow$ $s \hat \text{ }=\frac{x_{\iota ot}al}{k}$
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$\hat{\lambda}_{i}$ $\hat{\lambda}_{1}=\hat{s}_{1^{\hat{S}}}2\ldots\hat{s}_{k},\hat{\lambda}_{2}=(1-\hat{s}_{1})\hat{s}_{2}\cdots$ s^ , $\hat{\lambda}_{3}=(1-\hat{S}_{2})\hat{s}3\ldots\hat{s}_{k},$ $\ldots,\hat{\lambda}_{k}=(1-\hat{s}_{k-1})_{\hat{S}}k$
4 $X_{1},$ $X_{2},X_{3},$ $\mathrm{Y}_{1}$ , Y2, $Z$ $X_{i}\sim P\sigma i_{S}Sm(\lambda_{i})$ , $i=1,2,3$ , $\mathrm{Y}_{1}\sim P\dot{m}sSm(\lambda 1)$ , Y2\sim
$Poi_{S}Son(\lambda_{2}+\lambda_{3}),$ $z_{\sim}P_{\mathit{0}}iSsm(\lambda_{1}+\lambda_{2}+\lambda_{3})$ MLE :
$P(x, y,z|\lambda)\propto\lambda^{x}1\lambda_{2}x2\lambda^{x\mathrm{s}}\mathrm{e}\mathrm{x}13\mathrm{p}(-\lambda 1-\lambda 2-\lambda 3)\mathrm{x}\lambda_{1}^{y1}(\lambda 2+\lambda 3)^{y2}\exp(-(\lambda_{1}+\lambda_{2}+\lambda_{3}))$
$\cross(\lambda_{1}+\lambda_{2}+\lambda_{3})z\exp(-(\lambda 1+\lambda 2+\lambda_{3}))$
MLE
$\lambda=\lambda_{1}+\lambda_{2}+\lambda 3$ , $t=\lambda_{1}/(\lambda_{1}+\lambda_{2}+\lambda_{3})$ , $u=\lambda_{2}/(\lambda_{2}+\lambda_{3})$ .
$\lambda_{1}=\lambda t$ , $\lambda_{2}=\lambda(1-t)u$ , $\lambda_{3}=\lambda(1-t)(1 - u)$ .
$P(x,y, z|\lambda)\propto\lambda^{x_{1}+y_{1}+}x_{2}+y2+x3+z(\exp-3\lambda)f^{1}+y1(1-t)x_{2}+x\mathrm{s}+y2x_{2}u(1-u)x_{3}$ .






5. single proper prior Bayes
Poisson Bayes $\lambda_{i}$ $\mathrm{i}=1,2,.$ .
Property 1. $W_{i}\sim Gamma(\alpha_{i},\beta)$ , $\mathrm{i}=1,2,3$. $W_{1},$ $W_{2},$ $W_{3}$ are independent, then
$S_{3}=W_{1}+W_{2}+W_{3}$ , $S_{2}= \frac{W_{1}+W_{2}}{W_{1}+W_{2}+W_{3}}$ , $S_{1}= \frac{W_{1}}{W_{1}+W_{2}}$
are mutually independent and $S_{3}\sim Gamma(\alpha_{1}+\alpha_{2}+\alpha_{3},\beta)$, $S_{2}\sim Beta(\alpha_{1}+\alpha 2,\alpha_{3})$ $S_{1}\sim Beta(\alpha_{1,2}\alpha)$
3-3 Property 1 3-3
$d\tau(\lambda_{1}, \lambda_{2}, \lambda 3)\propto\lambda_{1}^{\alpha_{1}-1}\exp(-\beta\lambda 1)\lambda^{\alpha_{2}}-1(2\mathrm{p}-\mathrm{e}\mathrm{x}\beta\lambda_{2})\lambda_{3}^{\alpha}3-1\mathrm{p}\mathrm{e}\mathrm{x}(-\beta\lambda 3)d\lambda 1d\lambda_{2}d\lambda 3$
Bayes
$s_{1}= \frac{\lambda_{1}}{\lambda_{1}+\lambda_{2}}$ , $s_{2}= \frac{\lambda_{1}+\lambda_{2}}{\lambda_{1}+\lambda_{2}+\lambda_{3}}$ , $s_{3}=\lambda 1+\lambda_{2}+\lambda_{3}$
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$\lambda_{1},$ $\lambda_{2},$ $\lambda_{3}$ $\lambda_{1}=s_{1}s_{2}S_{3},$ $\lambda_{2}=(1-S_{1})s_{2}S_{3},$ $\lambda_{3}=(1-S_{2})_{S_{3}}$ $\backslash$
Property 1
$d\tau(\lambda_{1}, \lambda_{2}, \lambda_{3})\propto s_{3}\exp(\alpha_{1}+\alpha 2+\alpha 3-1-\beta_{S_{3}})s_{2}(\alpha_{1}+\alpha_{2}-11-S_{2})^{\alpha_{3}-1_{S}1}1\alpha_{1^{-}}(1-S_{1})^{a_{2}-1}\ 1\ _{23}d_{S}$
$Dikelihood\propto Sx_{1}11+x_{2}1(1-S_{1})^{x_{12}}+x22S_{2}(x11+x_{1}21-s_{2})^{x_{13}l_{0}t\circ}s_{3}^{x}\exp(l-3S_{3})$
Likelihood $\cross$ prior $\propto s_{3}^{x_{\iota_{\circ}\iota_{\alpha}1}}-1\mathrm{e}+\alpha 1+\alpha 2+\alpha 3\mathrm{x}\mathrm{p}(-(\beta+3)s_{3})s_{2}-21(x_{11}+x12+\alpha_{1}+\alpha 1-s_{2})^{x_{13}+-1}\alpha_{3}$
$\cross s_{1}^{x_{11}}-1(+x21+\alpha_{1}1-S1)x12+x22+\alpha_{2}-1dS3ds_{2}\ 1$
$\int Likelih_{oo}d$ $\cross prior\propto\int S_{3}^{x_{t\circ tl}}-\alpha 231\mathrm{e}\circ+\alpha_{1}++\alpha \mathrm{x}\mathrm{p}(-(\beta+3)ss)ds_{3}$
$\cross\int s_{2}^{x_{11}}-1(+x12+\alpha_{1}+\alpha_{2}1-S_{2})x_{13}+\alpha_{3}-1dS_{2}\int s_{1}^{x_{11}++}-1(x_{2}1\alpha_{1}1-S_{1})x_{12}+x22+\alpha_{2}-1dS_{1}$
$= \frac{\Gamma(_{X_{l}}ota\iota+\alpha_{1}+\alpha_{2}+\alpha 3)}{(\beta+3)^{x_{\iota \mathrm{o}t}}al+\alpha_{1}+\alpha_{2}+\alpha_{3}}\mathrm{B}(_{X+X_{12}}11+\alpha 1+\alpha_{2,13}X+\alpha_{s)\mathrm{B}(\alpha_{1,12}}x11+X21+x+x_{22}+\alpha_{2})$
$\int\lambda_{1}\cross Like\iota ihood\cross prior=\int s_{12}SS_{3}\cross Like\iota ihood\cross prior$
$\propto\frac{\Gamma(x_{tot}a\iota+\alpha_{1}+\alpha_{2}+\alpha 3+1)}{(\beta+3)^{x+\alpha}\iota\circ\iota a\iota 1+\alpha_{2}+\alpha 3+1}$
$\mathrm{x}\mathrm{B}(x_{11}+X_{12}+\alpha 1+\alpha 2+1,X13+\alpha_{3})\mathrm{B}(x11+X_{21}+\alpha 1+1, X12+x_{2}2+\alpha_{2})$
$\int\lambda_{2}\cross nkelihood\cross$ prior $= \int(1-s_{1})S_{23}s\cross$ Likelihood $\cross$ prior
$\propto\frac{\Gamma(x_{tota}l+\alpha_{1}+\alpha 2+\alpha_{3}+1)}{(\beta+3)^{x_{lo}+}l\Phi\iota\alpha_{1}+\alpha_{2}+\alpha_{3}+1}$
$\cross \mathrm{B}(_{X_{11}}+x12+\alpha 1+\alpha_{2}+1,X_{1s\alpha_{3}}+)\mathrm{B}(x_{\mathrm{l}}\mathrm{n}+X_{2}1+\alpha_{1},X_{1}2+x22+\alpha_{2}+1)$
$\int\lambda_{3}\cross Like\iota ihood\cross prior=\int(1-S2)S3\cross kkelihood\cross$ prior
$\propto\frac{\Gamma(x_{t_{\mathit{0}}ta}\iota+\alpha 1+\alpha 2+\alpha_{3}+1)}{(\beta+3)x_{tt}o\circ\iota+\alpha_{1}+\alpha 2+\alpha_{3}+1}$
$\mathrm{x}\mathrm{B}(_{X_{11}}+x12+\alpha_{1}+\alpha_{2},x13+\alpha_{3}+1)\mathrm{B}(x11+X21+\alpha_{1},X12+x_{22}+\alpha_{2})$
$\tilde{\lambda}_{1}=\frac{\int\lambda_{1}\cross Likelihood\cross prior}{\int Likelihood\cross prior}$
$= \frac{1}{\beta+3}\frac{\mathrm{r}(_{X_{lol}+\alpha}a\iota 1+\alpha 2+\alpha_{3}+1)}{\Gamma(x_{\iota_{\mathit{0}}tl}a+\alpha_{1}+\alpha 2+\alpha 3)}$
$\cross\frac{\mathrm{B}(_{X_{11}+X_{12}}+\alpha 1+\alpha 2+1,x13+\alpha_{3})\mathrm{B}(x11+X_{21}+\alpha_{1}+1,x_{12}+x22+\alpha 2)}{\mathrm{B}(_{X_{11}+}x12+\alpha_{1}+\alpha 2,X13+\alpha s)\mathrm{B}(_{X_{1}+X_{2}}11+\alpha 1,X_{12}+X_{2}2+\alpha 2)}$
$= \frac{x_{to}la\iota+\alpha_{1}+\alpha_{2}+\alpha_{3}}{\beta+3}\frac{x_{11}+x12+\alpha_{1}+\alpha 2}{x_{11}+X12+X13+\alpha 1+\alpha 2+\alpha 3}\frac{x_{11}+X_{21}+\alpha_{1}}{x_{11}+X_{21}+x_{12}+X_{22}+\alpha_{1}+\alpha 2}$
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$\tilde{\lambda}_{2}=\frac{\int\lambda_{2}\cross Likelih_{oo}d\mathrm{x}prior}{\int Likelih_{\mathit{0}}od\mathrm{X}prior}$
$=. \frac{x_{tota\iota}+\alpha 1+\alpha_{2}+\alpha_{3}}{\beta+3}\frac{x_{11}+x12+\alpha_{1}+\alpha 2}{x_{11}+x_{1}2+x_{13}+\alpha 1+\alpha_{2}+\alpha_{3}}\frac{x_{12}+X_{22}+\alpha_{2}}{x_{11}+X_{21}+x_{12}+X_{22}+\alpha_{1}+\alpha 2}$
$\tilde{\lambda}_{3}=\frac{\int\lambda_{3}\cross Like\iota iho\mathit{0}d\mathrm{x}prior}{\int uke\iota ih_{ood\mathrm{X}pr}rio}=\frac{Xtota\iota+\alpha 1+\alpha_{2}+\alpha_{3}}{\beta+3}\frac{x_{13}+\alpha_{3}}{X_{11}+X_{12}+x1s+\alpha 1+\alpha_{2}+\alpha_{3}}$
limit property $\alpha_{1},$ $\alpha_{2},$ $\alpha_{3},$ $\betaarrow 0$ $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}_{i}arrow\wedge i$ $(i=1,2,3)$
Property 1
Property 2. $W_{i}\wedge aeamrm(\alpha_{i}, \beta)$ , $\mathrm{i}=1,2,3$ . $W_{1},$ $W_{2},$ $W_{3}$ are independent, then
$S=W_{1}+W_{2}+Ws$ , $T= \frac{W_{1}}{W_{1}+W_{2}+Ws}$ , $U= \frac{W_{2}}{W_{2}+W_{3}}$
are mutually independent and $S\sim Gamma(\alpha 1+\alpha_{2}+\alpha_{3},\beta),$ $T\sim Beta(\alpha_{1},\alpha_{2}+\alpha_{3}),$ $U\sim Beta(\alpha 2,\alpha s)$ .
4 Property 2 4
$d\tau(\lambda_{1}, \lambda_{2},\lambda 3)\propto\lambda_{1}^{\alpha-}11\exp(-\beta\lambda_{1})\lambda\alpha 1\exp 2^{2^{-}}(-\beta\lambda 2)\lambda_{3}^{\alpha}3^{-}1\exp(-\beta\lambda_{3})$
$=\lambda_{123}^{\alpha_{1}-1}\lambda\alpha 2^{-}1\lambda\alpha 3-1\exp(-\beta(\lambda 1+\lambda_{2}+\lambda_{3}))d\lambda 1d\lambda 2d\lambda_{3}$
Bayes






prior $\propto s^{\alpha_{1}++\alpha-1}\alpha_{2}3\exp(-\beta S)t\alpha_{1}-1(1-t)^{\alpha}2+\alpha_{3}-1(u^{\alpha_{2}-1}1-u)\alpha_{3^{-}}1\ dtdu$
Likelifwod $\cross$ prior
$\propto s^{x_{t_{0}l}+\alpha}\circ l1+\alpha_{2}+\alpha 3-1\exp(-(\beta+3)s)$
$\cross t^{x_{1}+}y_{1}+\alpha_{1}-1(1-t)x_{2}+x3+y_{2}+\alpha_{2}+\alpha 3^{-1x_{2}+}u-1(\alpha_{2}1-u)x_{3}+\alpha 3-1dsdtdu$
$\int Dikelih_{oO}d\cross$ prior
$\propto\int S^{x_{t_{0}C\iota}+}\Phi\alpha_{1}+\alpha 2+\alpha 3-1\exp(-(\beta+3)s)dS$
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$\cross\int f^{1}+y1+\alpha_{1}-1(1-t)x_{2}+x3+y_{2}+\alpha_{2}+\alpha_{3}-1dt\int u^{x}-1(2+\alpha_{2}1-u)^{x}3+\alpha_{3}-1du$
$= \frac{\Gamma(xtota\iota+\alpha_{1}+\alpha 2+\alpha_{3})}{(\beta+3)^{x+}l\circ\iota a\iota\alpha_{1}+\alpha 2+\alpha \mathrm{s}}$
$\cross \mathrm{B}(x_{1}+y_{1}+\alpha_{1},x_{2}+x_{3}+y_{2}+\alpha_{2}+\alpha_{3})\mathrm{B}(X_{2}+\alpha_{2},x_{3}+\alpha_{3})$
$\int\lambda_{1}\cross nkelih_{ood}\cross prior=\int st\cross$ Likelihood $\cross$ prior
$\propto\frac{\Gamma(x_{to}ta\iota+\alpha 1+\alpha_{2}+\alpha 3+1)}{(\beta+3)^{x_{tot\iota+}}a\alpha 1+\alpha 2+\alpha_{3}+1}$
$\cross \mathrm{B}(x_{1}+y_{1}+\alpha_{1}+1, x_{2}+x_{3}+y_{2}+\alpha_{2}+\alpha_{3})\mathrm{B}(X_{2}+\alpha_{2},x_{3}+\alpha_{3})$
$\int\lambda_{2}\cross Like\iota ihood\cross prior=\int s(1-t)u\cross hke\iota ihood\cross pri_{\mathit{0}}r$
$\propto\frac{\Gamma(Xtota\iota+\alpha_{1}+\alpha 2+\alpha s+1)}{(\beta+3)^{x_{\iota \mathit{0}}}t\circ\iota+\alpha_{1}+\alpha_{2}+\alpha_{3}+1}$
$\cross \mathrm{B}(x_{1}+y_{1}+\alpha_{1},x_{2}+x_{3}+y_{2}+\alpha_{2}+\alpha_{3}+1)\mathrm{B}(x_{2}+\alpha_{2}+1,x_{3}+\alpha_{3})$
$\int\lambda_{3}\cross bkelihood\cross$ prior $= \int s(1-t)(1-u)\cross Likelifwod\cross prior$
$\propto\frac{\Gamma(_{X+}tota\iota\alpha 1+\alpha_{2}+\alpha 3+1)}{(\beta+3)^{x_{\iota_{\mathit{0}}}}\iota a\iota+\alpha_{1}+\alpha_{2}+\alpha_{3}+1}$
$\cross \mathrm{B}(x_{1}+y_{1}+\alpha_{1},x_{2}+x_{3}+y_{2}+\alpha_{2}+\alpha_{3}+1)\mathrm{B}(x_{2}+\alpha_{2},x_{3}+\alpha_{3}+1)$
$\tilde{\lambda}_{1}=\frac{\int\lambda_{1}\cross Likelihood\cross prior}{\int Likelih_{\mathit{0}}od\cross prior}$
$= \frac{1}{\beta+3}\frac{\Gamma(x_{\mathrm{t}ta\iota}o+\alpha_{1}+\alpha_{2}+\alpha 3+1)}{\Gamma(x_{ttal}o+\alpha 1+\alpha_{2}+\alpha_{3})}$
$\cross\frac{\mathrm{B}(_{X_{1}+y_{1}+}\alpha_{1}+1,x_{2}+x3+y_{2}+\alpha 2+\alpha_{3})}{\mathrm{B}(_{X_{1}++X+x_{s}+}y_{1}\alpha_{1},2y2+\alpha 2+\alpha s)}\frac{\mathrm{B}(_{X_{2}++\alpha_{3}}\alpha_{2,3}X)}{\mathrm{B}(_{X_{2}+\alpha_{2},X_{3}}+\alpha_{3})}$
$= \frac{x_{tota}\iota+\alpha 1+\alpha_{2}+\alpha_{3}}{\beta+3}\frac{x_{1}+y_{1}+\alpha_{1}}{x_{1}+y_{1}+X_{2}+X_{3}+y_{2}+\alpha_{1}+\alpha 2+\alpha_{3}}$
$\tilde{\lambda}_{2}=\frac{\int\lambda_{2}\cross Likelihood\mathrm{x}prior}{\int Likelihood\cross prior}$
$= \frac{x_{tola\iota}+\alpha 1+\alpha_{2}+\alpha_{3}}{\beta+3}\frac{x_{2}+X_{3}+y_{2}+\alpha 2+\alpha_{3}}{x_{1}+y1+X_{2}+X_{3}+y_{2}+\alpha_{1}+\alpha 2+\alpha_{3}}\frac{x_{2}+\alpha_{2}}{x_{2}+x_{3}+\alpha_{2}+\alpha_{3}}$
$\tilde{\lambda}_{3}=\frac{\int\lambda_{3}\cross Likelihood\mathrm{X}prior}{\int Likelihood\mathrm{X}pri_{\mathit{0}}r}$
$= \frac{X\iota_{\mathit{0}}\iota_{a}\iota+\alpha 1+\alpha_{2}+\alpha_{3}}{\beta+3}\frac{x_{2}+X_{3}+y_{2}+\alpha 2+\alpha_{3}}{x_{1}+y_{1}+x_{2}+X_{3}+y2+\alpha 1+\alpha 2+\alpha_{3}}\frac{x_{3}+\alpha_{3}}{x_{2}+x_{3}+\alpha_{2}+\alpha_{3}}$
limit property $\alpha_{1},$ $\alpha_{2},$ $\alpha_{3},$ $\betaarrow 0$ $\tilde{\lambda}_{i}arrow\hat{\lambda}_{i}$ $(i=1,2,3)$
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Poisson : $P(X|\lambda)=\lambda^{x}exp(-\lambda)/x!$ MLE $\hat{\delta}(x)=x$
Blyth :, $d\tau_{\alpha,\beta}(\lambda)\propto\lambda^{\alpha-1}exp(-\beta\lambda)d\lambda$
Bayes estimator $\delta_{\alpha,\beta}(X)=(x+\alpha)/(1+\beta)$ $R(\lambda, \delta_{\alpha,\beta})=E_{\lambda}(\lambda-[(X+$
$\alpha)/(1+\beta)])^{2}=((\alpha-\beta\lambda)^{2}+\lambda)/(1+\beta)^{2}$ , $\gamma(d_{\mathcal{T}_{\alpha,\beta}}, \delta_{\alpha},\rho)=\alpha/(\beta(1+\beta))$ . ‘ $\hat{\delta}(x)=x$
$R(\lambda,\hat{\delta})=E_{\lambda}[\lambda-X]2=\lambda$ , $\gamma(d_{\mathcal{T}_{\alpha,\beta}},\hat{\delta})=\alpha/\beta$ $\gamma(d\tau_{\alpha,\beta}, \delta_{\alpha,\beta})-\gamma(d\tau_{\alpha,\beta},\hat{\delta})=-\alpha/(1+\beta)arrow$
$0$ when $\alpha,$ $\betaarrow 0$.
Blyth 3-3, 4
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